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Abstract. The objective of this note is to prove the existence result for brake orbits in 
classical Hamiltonian systems (which is first proved by Bolotin) by using Floer theory. 
To this end, we compute an open string analogue of symplectic homology (so called 
wrapped Floer homology) of some domains in cotangent bundles, which appear naturally 
in study of classical Hamiltonian systems. The main part of the computations is to show 
invariance of wrapped Floer homology under certain handle attaching to domains. 



1. Introduction 

First we recall the definition of classical Hamiltonian systems. Let A" be a n-dimensional 
manifold. Then, T*N carries a symplectic form co^ '■= dpi A dqi where (gi, . . . , q n ) is 

l<i<n 

a local coordinate in N, and (pi, . . . ,p n ) is an associated coordinate on fibers. 

Assume that A" carries a Riemannian metric. Then, for V G C°°(T*N), we define 
H v G C°°{T*N) by H v (q,p) = V(q) + \p\ 2 /2. A pair of symplectic manifold (T*N, u N ) 
and Hy G C°°(T*N) is called classical Hamiltonian system. Its Hamiltonian vector field 
is defined by i Xhv ^n = —dH v . As is well-known, X Hv describes free motion of a particle 
on A" under potential energy given by V. 

Following theorem is first proved by Bolotin [E] . 

Theorem 1.1. Let N be a Riemannian manifold, and V G C°°(N). If Sh '■= Hy 1 ^) is a 
compact and regular hypersurface in T*N, then there exists a closed orbit of Xh v on Sh- 

When Sh H A^ = 0, theorem 11.11 is easily obtained by existence of closed geodisics on 
compact Riemannian manifolds, using Maupertuis-Jacobi principle. So difficulty arises 
when Sh H A^ ^ 0. In this case, theorem II. II is obtained by following result QBJ): 

Theorem 1.2. Let N and V are as in theorem If Sh D A" ^ ; there exists a 

non-trivial orbit of Xh v on Sh , which starts from and ends at Sh D N . 

Define / : T*N — > T*N by I(q,p) = (q, —p). If x : [0, 1] — > Sh satisfies x = X Hv (x) and 
x(Q),x(l) G N, then x : [0, 21} ->■ S h defined by 



x(t) 



x(t) (0 < t < I) 

I(x(2l-t)) (l<t<2l) 
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is a closed orbit of Xh v (closed orbits of Xh v obtained in this way are so-called brake 
orbits). Hence theorem 11.21 implies theorem ll.il 

In this paper, we deduce theorem 11.21 from computations of certain Floer-theoric invari- 
ant. The invariant we use is an open string analogue of symplectic homology, and often 
called wrapped Floer homology. Foundations of wrapped Floer homology can be found in 
|AS] (they also construct an A°°-algebra structure on the chain complex underlyng the ho- 
mology). Roughly speaking, wrapped Floer homology is defined for a pair (M, L), where 
M is a compact symplectic manifold with contact type boundary, and L is a Lagrangian 
of M (in fact, we need more data and additional conditions, see section 2 for details). 
Let us denote the wrapped Floer homology for (M,L) by WFH*(M, L). 

We explain our main theorem briefly. Let N be a Riemannian manifold, and V G 
C°°(N). Assume that Sh = Hy (h) is compact. Then, setting Dh ■= Hy 1 ((— oo, h}) , 
(DhjUiw) is a compact symplectic manifold with contact type boundary, and we can 
define wrapped Floer homology for (Dh,Dh P N) (for details, see section 4). Our main 
theorem is theorem I4.2[ which asserts that if Sh H N ^ and Dh is connected, then 
WFH^ph, D h nN) — 0. 

Combined with basic results of wrapped Floer homology, theorem 14.21 implies theorem 
11.21 (Details are explained in section 4). Theorem 14.21 is proved as follows. By "defor- 
mation invariance" of wrapped Floer homology (proposition 12. T|) . it is easy to show that 
WFH* (.Oh, Dh n N) depends only on diffeomorphism type of Dh P N. When Dh P AMs 
diffeormophic to the disk, WFH*(.Dh, Dh P N) = can be checked by simple argument. 
Hence all we have to show is invariance of WFH^(D^, Dh PI N) under surgery on Dh P A" 
by attaching handles (lemma [4. 10|) . This is proved by aruguments which are similar to 
Cieliebak's arguments in [CI], where he proves invariance of symplectic homology under 
subcritical handle attaching. 

We explain the structure of this paper. In section 2, we recall basics of wrapped Floer 
homology. We treat somewhat broader class of Hamiltonians than usually considered in 
Floer theory for manifolds with boundary, because this is needed to carry out arguments in 
section 5. For this reason, establishing C° estimate for Floer trajectories becomes harder 
than usual. The precious statement of the C° estimate is stated in section 2 (theorem 
12. 5p . and proved in section 3. The proof given in section 3 is based on |FH] . In section 4, 
we explain basics of classical Hamiltonian systems, and state the main theorem (theorem 
14. 2p . We also reduce theorem 14.21 to lemma 14.101 in section 4. Lemma 14.101 is proved in 
section 5. 

Acknowledgements. I would like to appreciate professor Kenji Fukaya, for reading 
manuscripts of this note and giving precious suggestions. 



2. Wrapped Floer homology 

In this section, we recall basics of wrapped Floer homology, which we will use in the 
following of this paper. 
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2.1. Liouville quadruple. First we define Liouville quadruple, for which we define wrapped 
Floer homology. 



Definition 2.1. Let (M,u) be a 2n dimensional compact symplectic manifold, X G 
SC(M), and L be a Lagrangian of M. Liouville quadruple is a quadruple (M,u,X,L) 
with following properties: 

(1) = w. 

(2) X points strictly outwards on dM. 

(3) X q G T g L for any q E L. 

(4) L is transverse to dM, and dL = L n <9M. 

For Liouville quadruple (M, w, X, L), let A := ix^. Then, A|l = 0. (dM, A) is a contact 
manifold, and dL is a Legendrean of (dM, A). Recall that the Reeb vector field R on 
(dM, A) is characterized by i R u = 0, A(i?) = I. Let ^(dM, A, <9L) be the set of all Reeb 
chords of <9L in (dM, A), i.e. 

^ (<9M, A, <9L) := {x: [0,1] ^ dM \ I > 0,x(0),x(l) G dL, x = R(x)}. 
For x G ^(dM, A, <9L), let ^/ (x) := / x*X. Define the action spectrum of dL 



sf{dM,\,dL) := {sf(x) | x G ^(<9M,A,<9L)}. 
It is easly verified that inf srf (dM, A, dL) > 0. 

Let M := M U dM x [1, oo). We extend X G SE(M) to X G (M) by X = pd £ on 
<9M x [l,oo), where p stands for coordinate on [l,oo). Moreover, we extend A to A by 
A := p\ on dM x [1, oo), and u to Co := d\. Then, L := L Li dL x [1, oo) is a Lagrangian 
of (M,u>). We call (M,Co,X, L) the completion of Liouville quadruple (M,u,X, L). 

Define $ : <9M x (0, oo) -> M by 

$0,1)=*, 9 p $(z,p)=p- 1 X($(^,p)). 

Then, $*A = pA. We call Im ($) cylindrical part of M, and denote it by Cyl(M). We 
often identify Cyl(M) with dM x (0, oo) via $. For any p G (0, oo), we define M(p) to 
be the domain in M, which is bounded by the hypersurface dM x {p}. i.e. 



M(p) :-- 



MUdMx(l,p] (p>\) 
M\dMx(p,l] (p<l). 



2.2. Chords and indexes. For H G C°°(M), let 

<g(H) := {x: [0, 1] — > M | x(0),x(l) e L, x = X H (x)}, 
where X H is the Hamiltonian vector field of H, defined by dH = —i XH Cj. 

For xe^(H) and < t < 1, let $ t : T x(0) M -» T x(t) M be the Poincare map of the flow 
generated by X H - x G ^(-£0 is called nondegenerate if $i : T X ( )M — >■ T X ^M satisfies 

*i(W)nr l(1) i = o. 
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For nondegenerate x G ^(H), we define its index ind(x). In the following of this paper, 
we assume that all Liouville quadruple (M, u, X, L) satisfies 



%i(M,L) = 7T 2 (M,L) = 0. 

This is quite strong assumption, but it is enough to consider this case for our objective. 

Consider IR 2n with coordinate (qi, . . . , q n ,Pi, ■ ■ ■ ,Pn) and the standard symplectic form 
co st := dpi A dqi. Let J??(n) be the space of Lagrangian subspaces of (IR 2n , w s t). Note 

l<i<n. 

that {p = 0} G ^f(n). 

Let x G ^(H) and assume that x is nondegenerate. Let D + : = {z G C | \z\ < 1, Imz > 
0} and take x: D + ->■ M such that x(e i7re ) = x(0) (0 < < 1) and x(D + n»)cl (such 
x exists since iri(M , L) = 0). Take arbitrary isomorphism of vector bundle F : x*TM — >• 
(M 2n ,c<; st ) x _D + over .D + , such that F z : 1W Z )M — >■ M 2ti preserves symplectic form for any 
2 G £>+, and F z (T nz) L) = {p = 0} for any z£D + nR. Define A : [0, 1] .if(n) by 
A(0) : = F eiI( ($ e (T, (0) L)), and let 

ind(x) := - +fi RS (A,{p = 0}), 

where //rs is Robbin-Salamon index introduced in [RSJ. Note that this definition is 
independent of the choice of x since ^(M, L) = 0. 



2.3. Hamiltonians. Let K be a compact set in M which contains M. Then, H G C°°(M) 
is of contact type on M \ K, if and only if there exists a smooth positive function a on 
<9M and 6 G R such that 

(z,p) e M\K =^ H(z, p) = a(z)p + b. 

a and 6 are uniquely determined by H, and denoted by an, bu- The set of all H G C°°(M) 
which are of contact type on M \ K is denoted by ^^-(M). H G ^^-(M) is called 
admissible if 1 ^ (<9M, a^A, <9L) and all elements of ^(H) are nondegenerate. The set 
of all admissible elements of J^k(M) is denoted by J^ KM (M). Let ^T(M) := [j^f K (M) 

K 

and J^{M) := |J^, a d(M), where K runs over all compact sets in M which contain 

K 

M. It is easily verified that if H G J^i^iM), then ^{H) is a finite set. 

Let H,H' G Jif^iM). (if s ) sg K, a smooth family of elements of ^(M), is called 
monotone homotopy from H to if it satisfies following conditions: 

(1) There exists a compact set K such that H s G ^^-(M) for any s. 

(2) There exists s > such that: 

{*)H'=[ H , { ;-- s : ] . 

1 ' \H' (s > s ) 

(b) For any s G (— s , s ), d s H s > on M, and <9 s a#s > on <9M. 
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2.4. Almost complex structures. Let J be an almost complex structure on M. J is 
compatible with Cj if and only if 

( ■ , ■ ) j : TM x TM — >■ R; (v, w) H> Jw) 

is a Riemannian metric on M. We denote the set of almost complex structures on M 
which is compatible with Cj by J?{M,CS). We often abbreviate it as J? {M\ 

For smooth positive function a on dM, define diffeomorphism 

$ a : dM x (0,oo) ->■ Cyl(M); ^ (z,a(*) -1 p)- 

Let A a := a~ l X G fi x (dM). Then, ($ a )*(A) = p\ a . Let £ a and R a be the contact 
distribution and the Reeb flow on the contact manifold (dM, X a ). 

For v G T(dM), let 

v:= (v,0) G T(dM) © Rd p = T(dM x (0,oo)). 
There is a natural decompositon 

T(dM x (0, oo)) = p © RiF © R<9 P , 

where £ a = {v \ v G £ a }. 

Definition 2.2. Let K be a compact set in M which contains M. Then, J G ^ (M) is 
o/ contact type on M \ K with respect to a, if $* J satisfies following: 

(1) $* J preserves on $~ X (M \ K). 

(2) There exists J°°, an almost complex structure on £ a , such that dir]-^ ° $*J|^r = 
J°° o c?7r|^- on $~ (M \ i^). (7r denotes the natural projection to dM.) 

(3) There exists cj > such that $* J(d p ) = —W on ^(M \ K). 

We denote the set of J G J? (M) which are of contact type on M \ K with respect to 
a, by JPo,,k(M). Moreover, c ^ a (M) := J? a ,K(M) where K runs over all compact sets 

K 

in M which contain M. Clearly, for two positive functions a and a', if a/a' is a constant 
function then J*#(M) = f a >A M )- 

Let J G i J f a (M), and J°° be as in (2) in definition 12.21 Abbreviate the metric 
^a(( ' > ') j) on x (0' °°) by ( ■ , ■ } a> j. Moreover, define a metric ( • , • ) a ,j,dM on 
by 

• (v,w)*,J,aM = (d\ a )(v, J°°w) on T, 

• (v, R a ) a ,J,dM = for W G r, 

l 

_ Dal 2 

Then, following properties are verified by simple calculation. 

Lemma 2.3. (1) On $>~ 1 (M\K), £ a , R a , d p are orthogonal to each other with respect 
to ( ■ , • ) a ,j- 

5 



(2) For(z,p) e<f>-\M\K) andveT(dM), \v(z, p) \ aJ = p* \v\ a ^ dM . 

(3) For (z, p) G $~ 1 (M \ K), \d p (z,p)\ a J = (pcj)^ 2 . ' 

2.5. Floer equation. Let H G ^, d (M), and (J t ) t6 [ 0) i] be a smooth family of elements 
of J{M). For X-,x + G <if(H), 

<J H ,(j t ) t (x-,x+) : = {u: R x [0,1] ^ M | d s u - J t (d t u - X H (u)) = 0, 

u(R x {0, 1}) C L, w(s) x± (s ->■ ±oo)}. 

^H,(j t )t admits a natural R action. We denote the quotient by ^H,(j t ) t - 

We also consider the case where Hamiltonans are time-dependent. Let H, H' G Jif^iM) 
and (H s ) s( zR be a monotone homotopy from H to H' . Let ( J t s ) s6 R ite [o,i] be a smooth family 
of elements of J(M). For x_ G tf(H) and x+ G 

^(H.,j») Sit (a;_,a: + ) :={w: R x [0, 1] — > M | <9 s w - J t s (d t u - X H .(u)) = 0, 

«(R x {0, 1}) C L, u(s) ->■ rr± (s ->• ±oo)}. 

For x G ^(H), we define its action by 

: = / x*X- H(x(t))dt. 
Jo 

The following lemma can be proved by simple calculation. 

Lemma 2.4. For x^ G ^{H), x + G ^{H'), and u G ^f(H°,j°) ait (x-,x+), 

-d a (*/ H >(u(s)))= f \d s u(s,t)\ 2 J3 +d s H s (u(s,t))dt. 
Jo * 

in particular, if ^^H a ,j^) S}t (x-,x + ) ^ 0, £/ien £^h{x~) > j2^-/(x+). 

We sometimes call elements of ^H,(j t ) t { x -,x+) and ^C^H' t j s ) 3t (x-,x + ) Floer trajecto- 
ries from X- to x + . The next theorem asserts the existence of C° apriori estimate for 
Floer trajectories. This is proved in section 3. 

Theorem 2.5. (1) Let H G J^d(M) and (Jt)o<t<i be a family of elements of ^f(M). 
Assume that there exsits a compact set K in M such that J t G ^a H ,K{M) for any 
t. Then, there exists a compact set B C M such that for any x^,x + G ^{H) and 
u G ^ Hyh ) t (x-,x + ), u(R x [0, 1]) C B. 
(2) Let H,H' G J^d(M) and (H s ) s be a monotone homotopy from H to H' . Let 
(Jt)s,t be a family of elements of ^f(M) such that for sufficiently large s > 0, 

'jf° (s<s ), 
J? a (s > s ). 



T s ■ 



Assume that there exists a compact set K in M , such that H s G J$?k(M) and 
Jt G J?a H s,K(M) for any s,t. Then, there exists a compact set B C M, such that 
for any x_ G ^{H), x + G ^{H') and u G ^ H °,j°) 3it (x-,x + ), u(R x [0, 1]) C B. 
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Finally, we state transversality results. 

Lemma 2.6. (1) Let H G J^(M) ; and K be a compact set in M which contains 

M . Assume that H G J4?k(M) and images of all elements of&(H) are contained 

inmtK. Then, for generic (Jt)te[o,i]> where J t G ^ aH ^{M\ ^H,(Jt)t( x -i x +) ^ s 
a indx„ — indx + — 1 dimensional smooth manifold for any G ^(H). We 

denote the set of such (J t ) t by JPh,k{M), and Jf H (M) := [J J? H ^ K {M), where K 

K 

runs over all compact sets in M with conditions as above. 
(2) Let H,H' G Jrff a d{M), {H s ) s be a monotone homotopy from H to H' , and K be 
a compact set in M which contains M . Assume that H s G J$?k(M) for any s, 
and images of all elements of e tf(H), c ^'(H') are contained in intK. Then, for 
generic (J^) sm ,te[o,l], where J* G Ja H s,K{M), ^ H ;j') Stt (x-,x + ) is a indx_ - 
indx + dimensional smooth manifold for any x„ G c &(H),x + G ^{H'). We denote 
the set of such {J s t ) s ,t by J(h') 3 ,k{M), and c / (i?s)s (M) := (J J{h^ s%k {M), where 

K 

K runs over all compact sets in M with conditions as above. 

Proof. First we prove (1). Let (Jt)t be a family of elements of J? aH ^{~m). Then, for any 
x + G ^{H) and u G ^H,(j t ) t ( x -i x +)> u^^intK) is a non-empty open set in R x [0, 1], 
since both x_([0,l]) and x+([0, 1]) are contained in inti^. By standard arguments (see 
[FHSJ), one can perturb (Jt)t to achieve transversality conditions without violating the 
condition J t G ^a H ,K{M). This proves (1). (2) is proved by similar arguments. □ 

2.6. Wrapped Floer homology. In this subsection, we define wrapped Floer homology 
for Liouville quadruples. Once C° estimate for Floer trajectories is established (theorem 
12. 5p . other arguments are parallel to Lagrangian Floer thoery for compact symplectic 
manifolds ([F]). 

Let H G J%id{M), and k be an integer. Let 

%{H) := {x G tf(H) | indx = k}, 
and WFCfc(if) be a free Z 2 module generated over ^(H). 

Let (J t ) t G f H {M). For each integer k, define d"' (Jt)t : WFC k (H) -»■ WFC fe _i(#) by 

C' (Ji)t M:= E ^, Wt ( x ,y)-[y). 

2/e%-i(H) 

Then, (WFC*(H),of* Jt)t ) is a chain complex, and the resulting homology group does 
not depend on choice of (Jt)t- We denote this homology group by WFH*(i?; M, u, X, L). 
We often abbreviate it as WFH*(#). 

Let H, H' G J$? a d(M), and (H s ) s be a monotone homotopy from H to H' , and («//) a ,t £ 
f {Hs)s {M). For each integer k, define ipf'^** : WFC k (H) -»■ WFC fc (F') by 

^ ,Jt)s - t [x] := E W{H;jft.,A x ,v) • [y]. 
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ycp k ' * J is a chain map, hence we can define a morphism WFH*(if) — > WFH* (//"'). 

We define relation < on M^{M) by 

H < H' -<=>■ < H'{x) for any x G M and a H (z) < a H r(z) for any 2 G <9M. 

If < if', then there exsits a monotone homotopy (H s ) s from i7 to if', and morphsim 
WFR^(H) — > WFR^(H') obtained as above does not depend on choices of (H s , J/) Sj f. We 
call this morphism monotone morphism. 

Finally, we define the wrapped Floer homology of (M, u, X, L) by taking direct limit 
(though (^ d (M), <) is not a pre-ordered set, we can define a direct limit): 

WFE*(M,u,X,L) := lim WFH*(#). 

One of the important properties of wrapped Floer homology is its invariance under 
deformations. The next proposition is proved in section 3.5. 

Proposition 2.7. Let (M, u s , X s , L) < s <i be a smooth family of Liouville quadruple. 
Then there exists a canonical isomorphism WFH„(M, u°, X°, L) — > WFH t (M, u , X , L). 

If (M, u, X, L) and (M, u, X', L) are Liouville quadruples, then (M, u, sX+(l—s)X', L) < s <i 
is a smooth family of Liouville quadruples. Hence, by proposition 12.71 WFH*(M, to, X, L) 
does not depend on X. We often donote it by WFH*(M, to, L). 

Next corollary is easily obtained from propositon 12.71 

Corollary 2.8. Let (M,u,X,L) be a Liouville quadruple, and M' be a compact submani- 
fold of'mtM, such that (M r , u\m',X\m>, LnM') is also a Liouville quadruple. Assume that 
there exists H G C°°(M) such that dH(X) > on M \ mtM' . Then WFH,(M,w,L) = 
WFR^M', oj\ M ', L fl M ). 

Proof. For any x G M \ M', an integral curve of X through x starts from DM' and 
ends at dM. This is because inf dH(X) > 0. Thus there exists a family (M t )o<t<i of 

M\intM' 

submanifolds of M such that (M t ,u\M t , X\ Mt , LnM t ) <t<i is a smooth family of Liouville 
quadruples and M = M', Mi = M. Now claim follows from propositon 12.71 □ 

We show an example of calculation of wrapped Floer homology. Consider IR 2n with 
coordinate (qi, . . . , q n ,Pi, ■ ■ ■ ,Pn), and the standard symplectic form u st = dpi A dqi. 

l<i<n 

Let D 2n := {(q,p) \ \q\ 2 + \p\ 2 < l}, X := ~ ^ qi d qi + Pi d Pi . Then, (D 2n ,u st ,X,D 2n n 

l<i<n 

{p — 0}) is a Liouville quadruple. 

Proposition 2.9. WFH* [D 2n , u st , D 2n n {p = 0}) = 0. 

Proof. Let A := ix^st- Take (a n ) n , an increasing sequence of positive numbers such that 
lim a n = 00 and a n $ £/(dD 2n , A, dD 2n n {p = 0}) for each n. 

n— ¥00 
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We identify D 2n with R 2n using a flow generated by X, and define H n E ,3^ 3 aA (D 2n ) by 
H n {p,o) = n + a n (|p| 2 + \q\ 2 ). Then Hi < H 2 < ■ ■ ■ and (H n ) n is a cofinal sequence in 
(j% d (D 2n ), <)■ Therefore WFRjD 2n , u Bt , D 2n n {p = 0}) = lim WFH*(# n ). The only 

element of ^(H^) is a constant map to (0, . . . , 0), and its index goes to oo as n — > oo. 
Therefore, for any k, WFHk(H n ) = for sufficiently large n. This completes the proof. □ 

We conclude this section with a remark on relation between wrapped Floer homol- 
ogy and Reeb chords. The following theorem can be proved by reduction to the finite 
dimensional Morse theory. 

Theorem 2.10. Let (M,u,X,L) be a Liouville quadruple. If ^(dM, A, dL) = 0, then 
WFR,{M,u,X,L) = H*{L,dL). 

clS 8b corllary, we get: 

Corollary 2.11. Let (M,u,X,L) be a Liouville quadruple. If WFH*(M, co,X,L) = 0, 
then tf(dM,\,dL) ^ 0. 

Remark 2.12. The Reeb vector field on (dM, A) depends on A, but "characteristic fo- 
liation" M.R on dM depends only on u. Since characteristic foliation determines Reeb 
chords up to parametrization, following assertion make sence: if WFH*(M, co, L) = 0, 
then <&(dM, dL) ± 0. 

3. A C° ESTIMATE 

The goal of this section is to prove theorem 12.51 and proposition 12.71 Theorem 12.51 is 
proved in section 3.1-3.4. We only prove (2), since proof of (1) is much simpler than that 
of (2). In 3.1, we reduce theorem [275] to three lemmas. These lemmas are proved in section 
3.2, 3.3, 3.4. In 3.5, we prove proposition 12.71 The proof of proposition 12.71 is similar to 
the proof of invariance of symplectic homology under deformations (which can be found, 
for instance, in [S]). The crucial step in the proof of proposition 12.71 is C° estimate for 
Floer trajectories (lemma f3 . 9 1) . and its proof is very similar to the proof of theorem 12.51 
Hence in 3.5, we only mention few points which make difference. 

3.1. Reduction of the proof to three lemmas. First, we introduce some abbreviations 
which we will use in the following of this section. We abbreviate by a s , and $ a s, A a , 
C\ R aS by $ s , A s , R s . Moreover, we abbreviate ( • , • ) oV . by ( • , • ) S)t , ( • , • ) a s^ m 
by ( ■ , • ) s ,t,dM, and cj* by c S)t (see section 2.4). Finally, we abbreviate an almost complex 
structure ($ S )*(J") on dM x (0, oo) by T t . 

Take p > so large that $ s (dM x [p , oo)) C M \ K for any s. Take smooth function 
if : (0, oo) — > K such that 

<p"(p) > o, 

f'(p) = 1 (p>Po + l), 

(p{p) = o (p< po). 

Note that cp(p) > p — (p + 1) for any p. 
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For each s G E, we define <p s : M — > E by 




(xGX) 

<p(p) (a; = $ a (z,p)). 



By definition of po an d <p, it is easy to verify that each <p s is a smooth function on M. 

For x_ G 'af(ii), a;+ G and u G J? {H . t j.)(x-, x+), we define q" : K x [0, 1] -> K 

by a tt (s,i) = ^(u( S ,f)). 

Lemma 3.1. fta" = on E x {0, 1}. 

Proof. If u(s,t) G if, then a n = on some neighborhood of (s,t), hence dtOt u (s,t) = 0. 
Therefore it is enough to consider the case u (s,t) <£ K. Let D := {(s,t) G E x [0, 1] | 
u(s, t) K}. This is an open set inlx [0, 1]. Define v : D -> dM x (0, oo) by 

u(s,t) := ($ s )- 1 (n(s,t)) 
and z : D -> <9M, p : £> ->• (0, oo) by 

(*(s,*),p(s,*)) := v(s,*). 

Since w satisfies c^w — J^[d t u — X# s (w)) = 0, by simple calculation we obtain: 

(1) d s v - T t d t v - p ■ (c S) t + d s a s (z) ■ o*(z) _1 )9p = 0. 

Since a"(s,t) = <p(p(s, £)), it is enough to show dp(d t v) = 0. By (1) in lemma l2~3| it is 
equivalent to (d t v, d p } Syt = 0. By ([I]), it is enough to check (j s t d s v, d p ) s t = {J S t d p , dp) f = 

0. The latter is obvious. Since u (E x {0, 1}) C L, if * G {0, 1} then 

d s v(s, t) G T{dL) © Rd p C f © E<9 p . 

Hence we get J S t d s v G £ s © Mi? 5 and J^f s is orthogonal to d p . □ 

Following three lemmas play crucial role in the proof of theorem 12.51 They are proved 
in section 3.2, 3.3, 3.4. 

Lemma 3.2. For any x~ G ^{H) andx + G ^{H'), there exists co(x_, x+), ci(x_, x+) > 
such that Aa u + co(x-,x + )a u + c\(x-,x + ) > for every u G ^tH s ,jf) att {x-,%+)- 

Lemma 3.3. For any x_ G ^(H), x + G ^{H') and 5 > 0, there exists c(x_,x + ,5) > 
such that: for any u G ^(H«,j') Stt (x-,x+), there exists a sequence (s k )kez with following 
properties: 

(1) < s k+1 - s k <5 for any k. 

(2) sup a u (s k ,t) < c(x_,x + ,<5) for any k. 
te[o,i] 

Lemma 3.4. Assume that a, b, A > and 5 > are given such that S 2 X < n 2 . Then, there 
exists c(a, b, A, 5) > such that, if closed interval I and smooth function a : I x [0, 1] — > E 
satisfies < \I\ < 8 and 

(1) d t a = on I x {0,1}, 

(2) Aa + Aa + a > 0, 
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(3) sup{a(s,t) | s G dl} < b, 
then, sup a < c(a, b, A, 5) . 

We give a proof of theorem 12.51 (2) assuming those results. Since ^(H) and ^{H') are 
finite sets, it is enough to show that: 

For any x_ G ^{H) and x + G 'rf(H'), there exists a compact set B(x-, x + ) C 
M such that any u G ^^H»,j'), it { x -i x +) satisfies u (ix [0, 1]) C 

Take 5 > so small that 5 2 cq < n 2 . Then, for any u G ^(H s ,j?) st {%-,%+), if we take 
(sfc)fc as in lemma I3T3| w|j X [ Sfe)Sfc+1 ] satisfies assumptions of lemma I3~4l for each k, with 
a = Ci,b = c(x_, x + , 5), A = Co. (it follows from lemma I3TT1 and lemma I3~2"j) . Hence 
sup a u < c(ci, c(x_, x + , 5), c , 5) . This proves the above claim. 

3.2. Proof of lemma 13.21 Let X- G ^(H) and x + G ^(H'). Our goal is to show that 
there exist cq, C\ > 0, which are independent of u G ^{h s ,j s ) s , t { x -i x +)> sucn that 

(2) Aa u + c a u + a > 

holds on 1 x [0, 1]. In the following of this subsection, we fix u and abbreviate a u by a. 

If u(s,t) G K, then a = on some neighborhood of (s,t), and (EJ holds for any 
co,ci > 0. Therefore, it is enough to show (J2]) for (s,t) G D (we use notations D,v,z,p 
which are introduced in the proof of lemma |3~T]) . 

Since a\z> = <p ° p, we get 

(3) Aa = <p"(p) ({d s pf + (d t p) 2 ) + <p'(p) Ap > <p'{p)Ap. 
Assume for the moment that there exists C2 > 0, which is independent of u and 

(4) Ap + c 2 p > on D. 
Then, combining ([3]), (@J and <p(p) > p — (p + 1), we get 

Aa + c 2 a + c 2 (p + 1) > Aa + c 2 <p'(p)(a + p + 1) > Aa + c 2 <p'(p)p 
><p / (p)(Ap + c 2 p) >0. 

i.e. (T5]) holds for Co = c 2 , c\ = c 2 (po + 1) on D. Hence our goal is to show the existence 
of c 2 > such that fll]) holds. 

Applying dp and X s to ([T]), we get 

(5) d sP + c s , t (p\ s )(dtv) - P ■ {c s , t + d s a s (z) ■ a^z)' 1 ) = 0, 

(6) c s , t (p\ s )(d s v)-d t p = 0. 
By these two equations, we get 

Ap = c Stt d(p\ s )(d t v, d s v) + d s p ■ (c M + d s a s (z) ■ a^z)' 1 ) 

+ p • (d s (c s>t + d s a s (z) ■ a^z)' 1 ) - c S)t ■ d s X s (d t z) + d t c S)t ■ \ s (d s z) - d s c s>t ■ A s (<9 t ,z)). 

On the other hand, by ([!]), 

d(p\ s )(d t v,d s v) = \d s v\ 2 s>t - c~} ■ d s p ■ (c s>t + d s a s (z) ■ a^zT 1 ). 

n 



Then, we get 

Ap = c Sjt \d s v\l t +p-(d s (c s j+d s a%z)-a s (z)- 1 )-c sr d s \ s (d t z)+d t c s<t -\ s (d s z^ 

For V G T(dM x (0, oo)), we denote its T(<9M)-part by {V) dM . On $-\M\K), T(dM) 
and dp are orthogonal to each other with respect to ( ■ , ■ ) S)t . Hence |(V)dAf|s,t < l^k* f° r 
any V. Then, we get (recall lemma 1273]) : 



\d s z\ s>t ,dM = p 1/2 \{d s v) dM \ s j < P 1/2 \d s v\ s j, 

\d t z\ s , t ,8M = p- 1/2 \(d t v) dM \ Stt < p- 1/2 \d t v\ s ,t < p- 1/2 \d s v\ s , t + c;} /2 (c s>t + d s a s (z) ■ a s { Z y l ). 

In the last inequality, we use (P) and \d p \ st = (pc s>t ) -1 ^ 2 . On the otherhand, there exist 
constants c 3 , c 4 , c 5 > 0, which are independent of u and satisfy 

\d s (d s a s (z) -a s (z) _1 )| < c 3 |<9 s 2:| S)t)aM + c 4 , \d s X s (d t z)\ < c b \d t z\ Stt 



Ap > c S)t \d s v\ t - - H '— — - c 7 p > - h c 7 p. 



Hence there exists constants cq, > 0, which are independent of u and satisfy 

Ap > c S)t \d s v\\ t - c 6 p 1/2 \d s v\ Stt - c 7 p. 

Therefore 

c s ,t\d s v\l t | c~lclp\ ^ ( c~lc\ 

— 1 2 
SUPg ^ C(> ^ * Cg 

Hence 01]) holds when c<i > 1 — : h C7. This completes the proof of lemma 13721 

2 

3.3. Proof of lemma 13.31 Let u G ^l(H 3 ,j 3 )(%-, %+)■ Recall lemma I27H 

d a {e/ H -(u{s))) =- [ \d s u(s,t)\ 2 JS +d s H s (u(s,t))dt<0. 
Jo t 

In particular, 

for any s. Hence, for any interval JcK, there exists s G / such that 



• / \d s u(s,t)\ 2 JS + d s H s (u(s,t))dt < s^ H 
Jo * 



Hence, we can conclude: 



Lemma 3.5. For any 5 > and u G ^(h*,j°){x-,%+), there exists a sequence {sk)ke% 
with following properties: 

(1) < Sk+\ — Sk < 5 for any k. 

(2) J [^(s^Jlj. +d s H s (u(s,t))dt < for any k. 

Note that \d s u\js = \dfU — Xjjs ou\j*. Therefore, to prove lemma l3~3| it is sufficient to 
prove the following: 
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Lemma 3.6. For any c > 0, there exists M(c) > such that: if s el and x: [0, 1] — > M 
satisfy x(0),x(l) G L and 

[ \dtx- X H s (x(t)) \) s + d s H s {x{t))dt < c, 
Jo ' 

then sup cp s (x(t)) < M(c). 



0<t<l 



Proof. If this lemma does not hold, there exist sequences (s k ) k and (x k ) k such that 



(7) 



/ \d t x k - X H s k (x k (t))\ 2 jSk + d s H s (s k ,x k (t))dt < c, 
Jo * 

lim sup (p Sk (xk(t)) = oo. 



k^oo 0<t<l 

Recall that in statement of theorem 12. 5\ we take So > such that 

r j Jt s ° (s < -so), 

" J? (S>8 ). 

By replacing s if necessary, we may assume that sq also satisfies H 
Then, we may assume that s k G [— Sq, sq] for all k. Note that (jZ]) implies 



H (s< -s ) 
H' (s>s ) 



(9) 



/ | d t x k - X H s k [x k (t) ) 1 2 js k dt < c, 
Jo * 



(10) / d s H s (s k ,Xk{t))dt<c. 

Jo 



First we show that lim inf ip Sk (x k (t)) = oo. If this does not hold, by replacing (s k ) k 

fc->ooO<t<l 

and (xk)k to their subsequences, we may assume that sup ^inf ^ tp Sk [x k (t)) < oo. Then, 
for sufficiently large k, there exist a k ,bk G [0, 1] such that 

supy? Sfc (x fc (a fc )) < oo, 

k 

lim <f Sk (x k (b k )) = 00 ' 

< < 1 =^ x fc (fla fc + (1 - 0)6 fe ) C M \ K. 

Without loss of generality, we may assume that a k < bk. Define y k : [a k ,b k ] — > DM x 
(0, oo), z k : [a*,, fefc] -)■ <9M, p k : [a fc , 6fe] -)> (0, oo) by 

y k (t) := (<5> Sk )-\x k (t)), (z k (t),p k {t)) := y k (t). 

Then 

r b k r b k rb k 

/ \d t x k - X H s k {xkit))\ J s k dt = j \d t y k - R Sk (yk(t))\ Skt dt> \(d t y k ) dp \ Sk /t 

J a k J a k J a k 



> 



ro k 

I l 2 1 12 

infc^ 1 / (p k {tyi-d t p k ) dt>vaic~ t -A(p k {b k )2-p k {a k )i) ■ (b k - a fc ) _1 . 



' an 
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Since pk(ak) is bounded and lim p k (b k ) = oo, we get 



k— >-oo 



k— >oo 



lim I \d t x k - X H s k {x k {t))\js k dt = oo 



a k 



This contradicts (19]) , and we have shown that lim inf (p Sk (x k (t)) = oo. In particular, 

fc->ooO<t<l v J 

x k ([0, 1]) C M\K for sufficiently large k. For such k, define y k ■ [0, 1] — > dM x (0, oo), 
z k : [0,1] ->9Af, p k : [0,1] ->• (0, oo) by 

Sfc(t) := ($«J -1 M*))> M*),Pft(*)) := !/*(*). 
Then, by flHJ) and (TTOi) . y/. satisfies 

Jo 

<9 s a s (s fc , z fc (t)) ■ a Sfc (z fc (t)) _1 ■ p k (t)dt + d s b(s k ) < c. 
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(12) 

Since lim inf ip Sk (x k (t)) = oo, we get lim inf Pk(t) = oo. 

fc^ooO<t<l v ' fc-5>oo0<i<l 

By replacing (x k ) k and (sjt)fc to their subsequences, we may assume that (sk) k converges 
to some G [— s ,s ]. Since 



% fc -# sfc M*)) 



> 



(dty k -R»>(y k (t))) 



dM 



2 

Sk,t 



d t z k -R Sk (z k (t)) 



s k ,t,8M 



Pk{t), 



we get from (TTTT) and lim inf pfc(t) = oo that 

k— »ooO<t<l 



lim 

fc— >oo 



$**-.R**(z*(*)) 



dt = 0. 



s k ,t,8M 



Then, by taking limit of certain subsequence of (z k ) k , we get z^ : [0, 1] — >■ dM such that 

^oo(0),Zoo(l) G dL, d tZoo (t) = R s °°( Zoo {t)). 

Therefore 1 G &/(dM, X Sao , dL), hence Soo G (— sq,sq). By the definition of monotone 
homotopy, inf c^a 5 (soo, z) > 0. Hence, there exists e > such that inf d s a s (s k ,z) > e 

for sufficiently large k. Let A := sup a s (z). Then, 

(s,z)&RxdM 

d s a s (s k ,z k {t)) -^"{zkit))' 1 ■ p k {t)dt > eA- 1 / p k {t)dt 

Jo 

for sufficiently large k. Since lim inf p k (t) = oo, the right hand side of the above 

fc->ooO<t<l 

inequality goes to oo as k — > oo. Hence the left hand side of the above inequality also 
goes to oo as k — > oo. This contradicts (IT21) . This completes the proof of lemma [XB □ 



3.4. Proof of lemma 13.41 We use following result, which is exactly the same as propo- 
sition 8 in |FH) . 
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Lemma 3.7. Assume that a, b, A > and S > are given such that S 2 X < n 2 . Then, there 
exists C(a, b, A, 5) > such that, if closed interval I and smooth function a: I x K/Z — >■ K. 
satisfy < |/| < 5 and 

Aa + Xa + a > 0, 
sup{a(s,t) | s G <9/} < 6, 

t/ien, sup a < C(a, b, A, 5) . 

Remark 3.8. For any r > 0, lemma 1X71 holds if we replace M/Z to M/rZ in the statment. 



proof of lemma \3.4\ For any e > 0, there exists 5 > and /3 : J X [0, 1] — > R such that: 

(t - l) 2 



sup \a — j3\, sup A(a — f$) < e, 

i"x[0,l] Jx[0,l] 



\-5<t< \ f3(s, t) = a(s, 1) + d 2 a(s } 1) • 

t 2 

0<t<5 => 0(s, t) = a(s, 0) + d 2 a(s, 0) • -. 



2 



Define (3: I x R/2Z -»■ E by 



(0<f<l), 
0(s,2-t) (l<t<2). 



Then, /3 G C°°(/ x R/2Z). Moreover, /3 satisfies 

A/3 + A/3 + (a + (1 + A)e) > 0, sup {0(s, t) \ s e dl) < b + e. 

Then, if we take C = C(a + (1 + A)e, b + e, A, 5) as in lemma 13. 7^ sup = sup < C. 
Hence sup a < C + e. □ 

3.5. Proof of proposition [2771 First, we may assume that (u s ,X s ) = (oj ,Xq) if s is 
sufficiently close to 0, and (uj s ,X s ) = (ui,Xi) if s is sufficiently close to 1. Then, extend 
(oj s , X s ) < s <! to (o; s ,X s ) se]R by 



(u s ,X s ) 



(u ,X ) ( a <0) 
(s>l). 



The crucial step in the proof of proposition 12.71 is: 

Lemma 3.9. Let H,H' G J^(M) and [H s ) s be a monotone homotopy from H to H' , 
such that Ofl-s is a constant function on DM for any s (an* — a(s)). Let (J*) S) t be a 
family of almost complex structures on M such that 

rs_\jt (*<0) 

Assume that there exsits a compact set K in M , which contains M and H s G J$?k(M), 
Jl G ^xjk:(M] u s ) for any s and t (here 1 denotes the constant function on DM). Then, 
there exsit constants c , C\ > 0, which depend only on (u s ,X s ) s and (Jt) s ,u with following 
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property: if c a(s) + c\ < a'(s) for s G [0, 1], there exsits a compact set B C M such that 
u(R x [0, 1]) C B for any X- G ^{H), x + G ^{H'), u G *d( H s i j«)(x-,x+). 

Once lemma 13791 is established, we can define a chain map cp k ' 1 : WFCk(H; M, uj , X , L) — > 
WFC k (H';M,u\X\L)hy 

given a monotone homotopy {H s ) s with conditions as in lemma 13.91 Hence we get a 
morphism WFR k (H; M, u°, X°, L) WFH fc (if'; M, w 1 , X 1 , L). By taking direct limit, 
we obtain a morphism 

WFH*(M, u°, X°, L) WFH*(M, w\ X 1 , L). 

We can also obtain a morphism in invert direction, and show that they are inverse to each 
other. This completes the proof of propositon 12.71 Hence all we have to show is lemma 



The proof of lemma [3791 is very similar to the proof of theorem 12.51 First we take po > 1 
so that K C intM(p ), take smooth function ip : [1, oo) —> R such that 

</(p) > o, 

<p'(p) = 1 (p>Po + l), 
(fifi) = (p < po), 

and define a u G C°°(lR x [0, 1]) for u G ^^,m){x- 1 x+) by 



a u (s,t) 



(u(s,t)eK) 
(f{p(s,t)) (u(s,t)eM\K). 



Once we establish properties which correspond to lemma I3.1[ lemma I3.2[ lemma 13.31 for 
a u , the proof completes. The first two properties can be proved in completely same way. 
But to establish the property which corresponds to lemma |373"| we need somewhat different 
arguments. In the following, we prove the property which corresponds to lemma I3T3"1 First 
we spell out what we have to prove. 

Lemma 3.10. Let H, H' , (H s ) s and (J%) s ,t are as ^ n lemma [7Q1 Then, there exsit 
constants Cq,Ci > ; which depend only on (u s ,X s ) s and (J/) a ,t; with following property: 

Assume Coa(s) + c\ < a'(s) for s G [0,1]. Then, for any x_ G ^{H), 
x + G 'if(H') and 5 > 0, there exsits c(x_,x + ,<5) > such that for any 
u G ^(H',j*)(x-,x+), there exsits a sequence (sfc)fcez with : 

(1) < Sk+i — Sk < 5 for any k. 

(2) sup a u (sk,t) < c(x-,x + ,5) for any k. 

0<t<l 

Proof. Let X s := i^ s oj s . By simple calculation, we get 

(13) - — *t H '{u{s)) = J \d s u{s,t)\ 2 J! + —(u{s,t))-—(d t u{s,t))dt. 
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existence of the third term in integrand requires more arguments than proof of lemma 
13.31 In the following, we prove that: there exsits Co, c\ > such that, if coa(s) + c\ < a'(s) 
holds for s G [0, 1], then there exsits C2 > (which may depend on {H s ) s ) such that 



OH 



d\ 



(14) \dXs,t)\ Ji + — (u(s,t))- — (d t u(s,t))+c 2 >-[ \d a u(s,t)\ Jf + -^-(u( 8 ,t)) 



ds 



dH s 



1 J t ds 



Once this is establised, lemma 13.101 is proved by same arguments as proof of lemma 13.31 

Since K is compact, to prove (fl4l) it is enough to show that there exsits c 3 > such 
that 



(15) u{s,t)eM\K 



ds 



(d t u(s,t)) 



dH s 



< c 3 + - ( \d s u(s,t)\ JtS +-Q—(u(s,t)) 



First notice that, since J t s G ^^(M; uj s , X s ), (-, - )js satisfies following properties (see 
lemma 12.3 j) : 

(1) On M\K, a natural decomposition TM = T(dM) © M.-^- is an orthgonal decom- 



position with respect to ( • , • 

(2) There exsits a metric ( • , • )j^om on dM such that \v(z, p) 
any v G T(<9M) and (2, p) e M\K. 

(3) There exists c Stt such that |^(z,p)| JS = (pc Sit )~2 on M \ K. 



Js = pa \v{z)\ JS D „ for 



We return to the proof of ffT5l) . Since M \ K C dM x [1, 00), we can write u(s,t) 

. Then, 

J t s ,dM 



z,s,t 



(z(s,t), p(s,t)) . Let C4 := sup 
d\ s 



ds 



(d t u) 



p(s,t) 



ds 
d\ s 



ds 



(d t z) 



< c A p(s,t)\d t z\js dM < c A p(s,t)2\d t u\ 



Since \dtu\j? < \d s u\jf + \VfH s \ and I VH s (z, p) I J3 < supc st • a(s)p 2 , There exsit 
C5, Cq > such that 



s,t 



d\* 



ds 



(d t u) 



< gl^lj? + ( C 5 a ( s ) +C 6 )p(s,t). 



On the other hand. 



9s 



[z, p) = a'(s)p + b'(s) on M \ K. Hence, if 2c 5 a(s) + 2c 6 < a'(s) 

and < 2c 3 + fo'(s) on s G [0, 1], holds on s G [0, 1]. When s £ [0, 1], the left hand 
side of (TT5|) is zero. Hence, if c 3 + inf 6'(s) > 0, (JTBT) holds for s ^ [0, 1]. This completes 

the proof of lemma 13.101 □ 



4. Classical Hamiltonian systems 

First we recall notations which are introduced in section 1. Let iV be a n- dimensional 
manifold. Then, T*N carries a natural symplectic form Un := dpi A dqi. 

l<i<n 
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Assume that N carries a Riemannian metric. Then, for V G C°°(N), we define Hy G 
C°°(T*N) by H v (q,p) = V(q) + \p\ 2 /2. Note that Crit(Fy) = Crit(V). 

For £ G X(N), We define F € G C°°(T*N) and £ G X(T*N) by i^(g,p) := p(£ ff ) 
and £ := Xf £ . Then, L^a; = and £( 9i o) = £ 9 . For a G R, define F a G 3C(T*N) by 
: = aVV, where r := Pi<9 Pi . 

l<i<n 

Lemma 4.1. Let K be a compact set in T*N such that if nCrit(y) = 0. Then, dHy{Y a ) > 
on K for sufficiently small a > 0. 

Proof. Since W(g, 0) = VV(q) and ifn Crit(V) = 0, dHyiWV) > on K n AT. Let 
ifo be a subset of iT defined by d/f^lV^) < 0. Since Kq is compact and disjoint from 
N, m := minlpl 2 is positive. Take M > so that M > max— dHyCsJV), and take 

< a < m/M. Then, dHv{Y a ) > m — aM > on Kq. On the other hand, since 
dH v (yV) > and dH v (r) > on K \ K , dH v (Y a ) > on K \ K for any a > 0. □ 

As in section 1, we abbreviate Hy 1 ((— oo, h]) by D h , and Hy (h) by SV If /i is a regular 
value of Hy and S/, is compact, then (D h ,U]y,Y a , D h P AT) is a Liouville quadruple for 
sufficiently small a > 0. This is verified by applying lemma I4TT1 for K = Sf,,. The main 
result of this paper is the following: 

Theorem 4.2. Let N be a Riemannian manifold, and V G C°°(N). Assume that h 
is a regular value of V, and Sh is compact. If Sh P iV ^ and Dh is connected, then 
WFtt*{D h ,uj N ,D h nN) = 0. 

By remark I2.12[ theorem 14.21 implies: 
Corollary 4.3. Let N and V are as in theoremUJk Then, ^(S h , S h P N) ^ 0. 



Since elements of ^(Sh, Sh P AT) correspond to orbits of on Sh which start from 
and end at Sh P A/", corollary 14.31 implies theorem 11.21 

In the remainder of this section, we reduce theorem 14.21 to lemma EL 101 First, we prove 
the following lemma: 

Lemma 4.4. WFH„(£)/„ u^, Dh P N) depends only on diffeomorphism type of Dh P N . 

Proof. Let K := D h P A" and K := K U dK x [0,1]. Take any Riemannian metric g 
on A? and W G C°°(Af) so that is a regular value of W and K = W _1 ((-oo, 0]). For 
such (^W), define G C°°(T*if) by i? ff , w (g^= |p|J/2 + W(<jr), and let := 

H g,w((-°°>°})- For a e R, let Yg iWt0 := f+aVgW. Then, (-D Si w, Wk, Y g ,w,a, K) is a 
Liouville quadruple for sufficiently small a > 0. 

We claim that WFH.*(D 9t w, <^k, K) does not depend on choice of g and W. In paticular, 
WFrL(D 5i y^, u^, if) depends only on diffeomorphism type of K. This is proved as follows. 
Take two choices (g , W ) and (gi, Wi). Let g t := tgi + (l—t)g and := tWi + (l—t)W - 
Then, when we take a > sufficiently small, (D gu w t , Y gu w t ,ai K ) is a smooth family 
of Liouville quadruples. Then, the claim follows from proposition 12.71 
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Extend inclusion map i: K — > N to an embedding i : K — )■ iV '. Let g be the pullback of 
the Riemannian metric on N by i, and W := Voi — h. Then, (Dh, ojn, D^flN) in theorem 
14.21 can be identified with (D 9i w, cu-^, K). So, the above claim proves the lemma. □ 

We return to the proof of theorem 14.21 We may assume h = 0, and by lemma I4.4[ we 
may assume that V is Morse. Then, CritfV) fl V 1 ((— oo, 0]) consists of finitely many 
points. We denote it as {Pi, . . . ,Pi}. Moreover, we may assume the following. 

(1) V(P 1 ) <■■■< V(P l ) < 0. 

(2) 1 < indP m < n - 1 for 2 < m < I and indPi = 0. 

Note that we can eliminate critical points of index n, since D^ fl iV is connected and its 
boundary is non-empty. 

If h e (V(Pi), V(P 2 )), D h n iV is diffeomorphic to PA Hence, by lemma WM and 
propositon E3S WFH,(P h ,, tu N , D h n N) = 0. 

By lemma H3J if [h, h'} contains no critical value of V, then WFH„(£)/i, un, Dh H N) = 
WFH*(Dft,/, un, Dh' H iV). Therefore, if we prove the following theorem |4.5[ we can prove 
theorem 14.21 by applying theorem 14.51 to each critical points P2, . . . , P m . 

Theorem 4.5. Let N be a n- dimensional Riemannian manifold, V be a Morse function 
on N, and P G Ciit(V) with 1 < indP < n — 1. Assume that there exists e > such that 
Crit(y) n V^([V{P) - e, V(P) + e)) = {P}, and D v(P)+£ is compact. Then, 

WFH,(P y(P) _ £ , co N , D V(P) _ £ n N) = wfh;(Pv (p)+£ , u n , D v{P)+e n N). 

In the remainder of this section, we reduce theorem 14.51 to lemma I4.1UI By Morse 
lemma, there exists a coordinate neighborhood U around P and local chart (gi, . . . ,q n ) 
on U such that P corresponds to (0, ... , 0) and 

V(q) = V(P) + {-{ql + ... + <£) + (q 2 k+1 + ... + q 2 n )}/2. 

Here k = indP. Denote by tt^ the natural projection T*N — > N. In the following of this 
paper, we often consider tt^ (U) as a subset of M. 2n using the coordinate (q,p). 

We introduce some notations which we use in the following of this paper. First, we 
abbreviate (q u ...,q n )by q, (p t , . . . ,p n ) by p, and (p u . . .,p h ), (p k+1 , . . .,p n ), (q u . . . , q h ), 
(q k+ i, . . . , q n ) by p^,p + , g_, q+. Moreover, we set 

D([a,b)) := {{q,p) \ p = 0, a < \q\ 2 <b}, 
D_([a,6]) := {{q,p) \ p = 0, q + = 0, a < |g_| 2 < b}. 

D((a,b}) etc. are defined in the same manner. 

By lemma fl~4"l we may assume that Riemannian metric on U is dq 2 . Take b > 

l<i<n 

sufficiently small so that D ([0, 26]) C C/ and Crit(V) n V' 1 (\V(P) - b, V(P) + b]) = {P}. 

Lemma 4.6. For sufficiently small a>0, dH v (Y a ) > on H v l {[V(P) - b, V(P) + b]) \ 
{P}- 
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Proof. On -k n \U), we can write explicitly: 

Hy( q , P) = IP|2 ' k f + k+|2 . dHy( q , p)=pd P - ,_d 5 _ + q+dq+ , 
Y a(q,p) = -aq^d q _ + (1 + a)p_d p _ + aq + d q+ + (1 - a)p + d p+ . 

Then, 

d#y(y a ) = (1 - a)b+| 2 + (1 + a)|p_| 2 + a|g| 2 . 

Hence if a 6 (0, 1), dHv(Y a ) > on ir]^ (U) \ {P}- Therefore, to prove the claim, it is 
enough to show that dH v {Y a ) > on Hy 1 (\V(P) - b, V(P) + b]) \ n N l {U) for sufficiently 
small a > 0. This follows from lemma H~T1 since H V 1 {[V(P) - b, V(P) + b]) \ tt n 1 (U) is 
compact and disjoint from Crit(V). □ 

For H G C°°(T*N), let S(H) be the set of x : / -> T*iV with |/| > 0, x = X H (x), 
x(dl) C iV and x{dl) n D_ ((0, 6)) ^ 0. 

We will show that for generic H, which is obtained by perturbing Hy, S(H) is a 
countable set. To put it more rigorously, we first explain the setting for perturbation. 
Let J4? be an affine space consits of H G C°°(T*N) such that supp(i/ — Hy) C {\p\ 2 < 
2b] \ ti n 1 (-D([0, 2b))) . We equip Jf? with usual C°° topology, i.e. the topology induced 
by distance 



d c ~(H,H') :=J2 T 





H-H'\ 


C m 


1 + 1 


H-H'\ 





m=0 

Then, the following lemma holds. The proof is postponed until the end of this section. 

Lemma 4.7. There exists ffl" C ffl , such that Jif' is of second category in ffi and S(H) 
is a countable set for any H G ffl" . 

Take a > sufficiently small so that dH v (Y a ) > on H v l {\V(P) -b,V{P)+b))\ {P}. 
Then, there exists c > such that if H G M\j satisfies dc°°{H, Hy) < c, then dH(Y a ) > 
on H-\[V{P) - b, V(P) + b]) \ {P}. 

By lemma HTTJ there exists H G My such that dc°°{H, Hy) < c and S(H) is countable. 
Moreover, there exists e G (0,6/2) such that H(x) ^ V(P) — e for any x G S(H), since 
S'(iJ) is a countable set. 

Let D± := H~ 1 {V{P)±e), and 

E := dD_ n D_((0,6)) = {(g,p) | p = <?+ = 0, |g_| 2 = 2e}. 
We summerize their properties: 

Lemma 4.8. (1) (D±, uj N) Y a , D± fl N) are Liouville quadruples. 

(2) WFR*(D ± ,u N ,D ± nN)^WFR*(Dy {P)±E ,oj N ,Dy {P)±E nN). 

(3) For anyx:I^r dD_ in tf(dD_,dD_ n iV), n E = 0. 

Proof. Since dF(r a ) > on H- l {[V(P) - 6, V(P) + b]) \ {P}, Y a points outwards on 
dD±. This proves (1). To prove (2), consider H l := (1 — t)H + tHy for < t < 1 and 
:= (H t )~ 1 (V(P)±e). Since if* G My and d c °°(H } H t ) < c, same arguments as in (1) 
shows that (D±, u^, Y a , D± fl N) < t <i is a smooth family of Liouville quadruples. Hence 
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(2) follows from proposition 12.71 Finally we prove (3). If there exists x : / — > dD^ in 
c t?(dD^,dD^ R N) such that x(dl) fl £ 7^ 0, by reparametrizing x we get an element of 
S(H). This contradicts the choice of e. □ 

By (1) and (2) in lemma fl~8| to prove theorem 14.51 it is enough to show 
(16) WFH*(£> + , co Nl D + n N) = WFH*(D_, w N , D_ n N). 



Take // G such that 

(1) //(t) > 0. 

(2) /i(t) = 



(t < 0) 

t - 1/2 (t>l)' 



For S > 0, define /x a G by // 5 (t) = ^ + 5 -//T - , and let 

D & := D_ U {(q,p) | |g_| 2 - 2e < \q + \ 2 + \p\ 2 < Ml<7-| 2 )}- 
Then, D- C D$ C D + for sufficiently small 5 > 0. 

Lemma 4.9. For sufficiently small a > 0, (Ds,UN,Y a , D$ HJV) is a Liouville quadruple. 
Moreover, WFR*(D 5 , u N , D s H iV) = WFH,(.D + , wjv, L>+ n iV). 

Proof. To prove the first assertion, it is enough to show that Y a points strictly outwards 
on dD s . On tt^{U), 

Y a {q,p) = -aq_d q _ + (1 + a)p^d p _ + ag + <9 9+ + (1 - a)p + d p+ . 

If a G (0, 1), then —a < and 1 + a, a, 1 — a > 0. Therefore Y a points strictly outwards on 
aD 5 n n N (U), since > 0. On the other hand, since dD s \ 7c^(U) = dD_ \ Tt^ l {U), 
Y a points outwards on dDs \ (U) for sufficiently small a > 0. 

The latter assertion follows from corllary 12.81 since dH(Y a ) > on D + \ for suffi- 
ciently small a > 0. □ 

By lemma I4.9[ (I16p is reduced to: 
Lemma 4.10. WFH*(L>_, tu N , D_ n N) = WFH*(D<5, co N , D s n N). 

Lemma 14.101 is proved in the next section. In the remainder of this section, we prove 
lemma 14.71 

Proof. Define S~(H) and S + (H) by 

S~(H) = {x : [0,/] -> T*N \l>0,x = X H {x), x(0) G D_((0,b)), x(Z) G iV}, 

S + (H) = {x : [0,/] T*iV I Z > 0,x = X H (x), x(0) G JV, x(l) G D_((0,6))}. 

In the following, we prove that there exists Jrff~ C Ji? which is of second category in J$? 
and for any H G Ji?~ , S~(H) is countable. By parallel arguments, we can also show that 
there exists Jrff + C Jf? which is of second category in Jf? and for any H G J#? + , S + (H) 
is countable. Then, Jf?" := Jrff~ fl satisfies the requirements of lemma 14771 
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In the following, we prove that there exists as above. The proof consists of 9 steps. 

Stepl: By definition of ffl , any H G M' satisfes H = H v on ^^(/^([O, 26])). Hence, 
following (1), (2) holds for any H G Jff. 

(1) If x : [0,t] ->■ 7r^ 1 (Z?([0, 26])) satisfies * > 0, x = and x(0) G D_((0,26]), 
then ^ JV. 

(2) There exists c > 0, which is independent of H and such that: if x : R — >■ T*N 
satisfies x = X H (x) and x(0) G D_([0,b\) then x([0,c]) C vr^ 1 (£>([0, 26])) . 

Step2: Let SB be the set of (l,x) where / > and x G L 1,2 ([0, 1],T*7V), such that: 

(1) x(0)eD_((0,b)),x(l)eN. 

(2) If \ < t < 1 - y, then z(t) ^ x(0). 

It is easily verified that ^ is a Banach submanifold of (0, oo) x L 1,2 ([0, 1], T*7V). Let S 
be a Banach vector bundle over SB defined by <f (a . >0 = L 2 (x*T(T*N)). For iJ G Jtf, define 
Si? G r((f) by sh(x,1) = x(t) — I ■ X H (x(t)). If sh(x,1) = 0, then x satisfies following 
conditions: 

(a) x([0,l]) n {H 2 < 26} \7r^(D([0,26])) ^ 0. 

(b) ^| [o,i) is injective. 

By (1) in step 1 and x(l) G N, x([0, 1]) is not contained in 7r^ r 1 (.D([0, 26])). Moreover, if 
x(t) = (q(t),p(t)) G7r^(L>([0,26])), 

\p(t)\ 2 = 2(H(x(t)) - V(q(t))) = 2(V(q(0)) - V{q(t))) < 26 - |g(0)| 2 . 
(a) follows form this at once. 

To prove (b), first notice that if there exists 1 — - < t < 1 with x(t) = x(0), then 
x(l) N by (1), (2) in step 1. Hence x(t) ^ x(0) for 1 — - < t < 1. Hence, if x|[o,i) is not 

i 

injective, there exists largest < t < 1 such that x(t) = x(0), and t < 1 — -. Moreover, 

1 1 c 

if t < -, then x(2t) = x(0) but this contradicts maximality of t. Hence - < t < 1 — -, 

but this contradicts (2) in definition of SB. 

Step3: Take any almost complex structure J on T*N, which is compatible with un- 
J induces associated metric and its Levi-Civita connection on T*N, and also on £ — » SB. 
Then, (Vsh)( x ,i) '■ T^^SB — > d( XjJ ) is a Fredholm operator. In particular, CokerVs// = 
(IrnVsa) 1 C S(x,i) is finite dimensional. Note that the index of this operator is 

dim J D_((0, 6)) + dim N + 1 — dim T*iV — k + 1 — n. 

Let C G CokerVs^, i.e. ( is orthogonal to 

Vf (s H ) = dtt - Z(V ? J -VH + J- V^VH)) =: - lA(t) ■ £(t), 
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for any f G L 1,2 (x*(T(T*N))) with f(0) G T x(0)j D_ ((0, b)) and G T X ^)N . Hence we 
obtain is the adjoint operator of A(t)): 

(a t + iA*(t)){(t) = o, c(o)e (t; ( o) J D-((o,6))) ± , c(i) e (^ ( i ) ^) ± - 

Step4: We claim that if s H {x, I) = 0, then (d t + lA*(t)) {VH o x) = . This is verified 
as follows. If (y, I) E satisfies y(0) = x(0) and y(l) = x(l), then (Vif o y) • s#(y, /) = 
#(y(l)) - H(y(0)) = (VH o x) • s H (x,l). Hence, if £ G L 1 ' 2 (x*(T(T*iV))) satisfies 
£(0) = and f (1) = 0, then V € (Vif • s H ) = at (x, /). Since s# (x, /) = 0, it follows that 
VH ■ V^Sff) = 0. Since this holds for any £ G L 1 ' 2 (x*(T(T*N))) such that £(0) = and 
£(1) =0, the claim follows. 

Step5: Let to G Z>2, and let Jtff m be an afline space consists of H G C m (T*N) such 
that supp(# - if v ) C {\p\ 2 < 2b}\n] v l (D([0,2b))). ,ff m is an afline Banach space with 
C m norm. Consider Banach vector bundle Ji? m x S ->■ ^ m x ^, and define a section 
of this bundle s: (H,x,l) h- >■ sh(x,1). Xh is (7 m_1 class vector field, hence s is a C m_1 
class section. We prove that if s(H,x,l) = 0, then Vs is surjective at (H,x,l). If this 
is not true, there exists £ G CokerVs# (x, I), such that ( ^ and ( ■ (JVh) o x = 
for any h G — i?y. By (a) in step 2, there exists < t < t\ < 1 such that 

x([*o,*i]) C {|p| 2 < 26} \ 7r _1 (D([0,26])). Moreover, x| [t0;tl] is embedding by (b). If a 

section r\ of £*(T(T*7V))|[ t0)tl ] satisfies / r\{t) • x(t)dt = and suppr? C (t ,ti), there 

exists /i G Jif m - F y such that rj(t) = Vh(x(t)). Hence C = clVH o x on (t ,h) 
for some constant a. Since £ and VH o x both vanishes by the differential operator 
d t + lA*(t), ( = aVH ox on [0,1]. In particular, C(0) = aVH{x{0)). Hence aVF(x(0)) G 

(T x ( )D-((0, &))) . On the other hand, dH\ Tx(0) D_((o,b)) 7^ 0. Hence we obtain a = 0, 
contradicting C 7^ 0. 

Step6: By step 4, s _1 (0) is a C m_1 class Banach submanifold of ,ff m x <%. Consider 
7T^fm : s _1 (0) — > J^ m ;(H,x,l) h- >■ /J. This is a C"™ -1 class Fredholm map of index 
fc + 1 — n < (recall fc < n — 1). Hence by Sard-Smale theorem, the set of regular value 
of irj?rn (denote by is of second category in ,W m . Note that H G if and only 

if s H : 38 — > <S is transversal to 0. 

Step7: For any 5 > 0, let 

<^(<5) : = {( x> z) G 38 | x(0) G D_([5,6-5]),5 < I < J}, 
JQ >5 : = \ vr ^ (Crit(vr^) n ^(<J)) . 

Obviously, = p| We show that ^™ j(5 is open in ^T m . If (H n ,x n ,l n ) n is a 

sequence on Crit(7Tjfm) n ^(<5) and (H n ) n converges to some in then certain 

subsequence of (x n ,l n ) converges to some (xoo,/oo), hence (H^, Xoo, l^) G Crit(7Tjfm) fl 
38(8). Therefore ,%° m \ ^™ 5 is closed in ,%° m . 

Step8: For any 5 > 0, let ^? e g,<5 := ,5 (this does not depend on to). We show 
that ^? C g,<5 is open dence set in Jt?. Openness is clear since ^™ i<5 is open in J^ m and the 
inclusion Jf? — > J^ m is continuous. 
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To show that J^eg,8 is dence in J%?, first notice that s is dence in M' m by step 6. 
Hence for any H G there exists H m G Jtf^g suc h that \H — H m \ C m < 2~ m . Since 
is open in Jrff m , there exists < c < 2~ m such that c-neighborhood of with 
respect to | ■ \c™ is contained in Then, take H' m G so that \H m — H' m \c^ < c, 

then H' G ^ egi ,5 and \H — H' m \c™ < 2 1 ~ m , hence lim H' m = H in ^ . This shows that 

m— >oo 

^ cgi 5 is dence in 

Step9: Let ^ cg : = f~) ^re g ,5- ^? cg is of second category in J^ 9 by step 8. Note that 

<5>0 

H G ^ cg if an d only if sh '■ 3§ — > $ is transversal to 0. Since virtual dimension of s]j (0) 
is 1 + fc - n < 0, s^(0) is a countable set for any H G Jrf? reg . Therfore it is enough to 
show that if s^ 1 (0) is countble, then S~(H) is countable. 

Let Sq(H) := {x G S _ (#) | a; is injective}, and S^(H) := S~(H) \ S (H). S (H) 
is countable, since there exists injection Sq(H) — > s]f(0) which maps x : [0,1] — > T*N 
to [0, 1] — > T*N;t i — y x{tl). Hence it is enough to show that Si(H) is countable. Take 
x G S'f(if). Since x is not constant, there exists smallest < t < I such that x(t) = 
x(Q). Then (y,t) G s H \0) where y: [0,1] T*iV; r i — y x{tr). Moreover, there are only 
countably many 6 > such that x{6) G N. Hence we obtain map S^i^H) —¥ s^O), such 
that preimage of each element of sjl(0) is countable. Therefore, S±(H) is countable. 
This completes the proof. □ 



5. Handle attaching 



In this section, we prove lemma 14.101 In 5.1, we prove a preliminary lemma on Floer 
trajectories (lemma [5.1 1) . In 5.2, we give a proof of 14.101 

5.1. Lemma on Floer trajectories. 

Lemma 5.1. Let (M,u,X,L) be a Liouville quadruple, and A := %x^- Let M m be a 
compact submanifold of M such that (M m ,u}\M in , 

Afin, LflM in ) is a Liouville quadruple. 
We denote the Reeb vector field and the contact distribution on (<9M in , A) by R m , £ in . 

Let H,H' G M'^M), (H s ) s be a monotone homotopy in J^(M) from H to H' , and 
(Jt)s,t be o, family of elements of J?{M). Assume that there exists a G C°°(R) and 
< v < 1 with following properties: 

(1) There exists sq > such that: a(s) = I S ° ~ S ° . Moreover, a(—so),a(s ) 4. 

(a{s ) {s > s ) 

^(<9M in ,A in ,<9L in ). 

(2) H s {z,p) = a{s){p-u) on M in \M in {u^). _ 

(3) For any s G K and t G [0,1], J/ preserves £ in and J/(<9 p ) = p~ l R} n on M [n \ 
M in (z/2). 

Assume that x_ G ^{H), x + G ^{H') satisfy x_([0, l]),x+([0, 1]) C M in . Then, for any 
u G J {H s ! j !)st (x_ 1 x + ), u(R x [0, 1]) C M in . 
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Following proof is based on |AS] . section 7. 

Proof. By a{-s ),a{s ) $ ^{dM in , A in , dL m ) and assumption (2), x_([0, l]),x+([0, 1]) C 
M in (z/^). We claim that u(R x [0,1]) C M in (z/^) for any u G JP( H . tJ . )t<t (x-,x+). First 
notice that for any p G (z/2, 1], fl p :=lx [0, 1] \ M~ 1 (intM in (p)) is a compact set. If 
the claim is not true, there exsits p G (^,1] such that D p ^ 0. For generic p, u and 
M liRx{o,i}i s transverse to dM m x {p}, hence we may assume that D p is a compact surface 
with boundaries and corners. 

Let 

d H D p := dD p nRx {0, 1}, d v D p := dD p f]Rx (0, 1). 
It is easily verified that u s is not constantly on D p . This implies 

\d s u\ js dsdt > 0. 

Since it satisfies the Floer equation d s u — J^dfU — VfH s = 0, 

\d a u\ 2 js + d s H s (u(s,t))dsdt = [ u(d t u,d s u) + dH s {d s u) + d s H s (u(s,t))dsdt 

Jd p 

u*X + H s (u(s,t))dt. 

dD p 

We calculate the last term. First we calculate the integration on 8hD p : 

-u*X + H s (u(s,t))dt= j -u*A = 0. 

'd H Dp Jd H D p 

The first equality follows from dt\g H D P = 0, and the second equality follows from ui^duDp) C 
L and X\i = 0. On the other hand, since u(dvD p ) C dM m x {p}, we get 

(s, t) G d v D p =^ H s (u(s, t)) = a(s) (p-v), A (X H s (u(s, t))) = a(s)p. 
Therefore 



/ -m*A + H s (u(s,t))dt = / \(X Ha ®dt-du)-v I a(s)dt. 

Jd v Dp Jd v Dp Jd v Dp 

On the other hand, Floer equation is equivalent to 

J s t o (X H s <S)dt — du) = (du - X H s ® dt) o j, 
where j is a complex structure onlx [0, 1], defined by j{d s ) = dt- Therefore 

/ X(X H s ®dt-du) = -l X [Jl o {du - X H s ® dt) o j) . 

JdvD„ JdvD n 



A(J* o X H s) = -X{V s t H s ) = on <9M in x {p}. Moreover, if y is a vector tangent to 
dyD p , and positive with respect to the boundary orientation, then jV points inwards, 
hence dp{jV) > 0. Hence A(J t s o du o j)(V) > 0. Therefore, 



/ X{X H s ®dt- du) < 0. 

JdvDn 



'd v Dp 
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Finally, 

/ \d s u\ 2 JS + d s H s (u(s,t)) dsdt < — v \ a(s)dt = —v \ d s a(s,t) dsdt. 

J D p JdyDp J D p 

Since d s H s > and d s a > 0(this follows from (2) and d s H s > 0), this implies 



/ 

J Do 



\d s u\ 2 js dsdt < 0. 



This is a contradiction. □ 



5.2. Handle attaching. In this subsection, we give a proof of lemma 14.101 First we 
prove the following lemma, which is easily proved using Moser's trick. 

Lemma 5.2. Let X be a manifold (not assumed to be compact) and Y be a submanifold 
of X . Let (At)o<t<i be a smooth family of contact forms on X such that X t \y = and 
dXt = dXo for any t. 

Then, for any compact set K in Y , there exists V , a neighborhood of K in X , and 
(ipt)o<t<i; a smooth family of embeddings from V to X with following properties: 

(1) ipo is an inclusion V ^ X . 

(2) V£Ao = A t . 

(3) ^-\Y) = vnY. 

(4) ipt\vnY is an inclusion V fl Y ^ X. 



Proof. First we show that there exists W, a neighborhood of K in X, and (£t)t, & family 
of vector fields on W such that L^ t X t + d t X t = and £ t = on W fl Y. 

Take W, a neighborhood of K in X so that the restriction morphism H^ R (W) — > 
H^ R (W CiY) is an isomorphism. Since dX t = dX for any t, d t X t is a closed form. Moreover, 
$tAt| y — since X t \y = for any t. Hence (d t X t )t is a smooth family of exact one forms 
on W. Hence there exists (ft)u a family of C°° functions on W such that df t = d t X t . We 
may assume that ft vanishes on Y, since d t X t vanishes on Y and H% R (W) ->■ H^ R (W fl Y) 
is an isomorphism. 

Let Rt be the Reeb vector field of (X, Xt) and £t := —ftRt- Then, ^ vanishes on Y and 
ht^t = Ht(dX t ) + d(%A t ) = -dft = -d t X t . 



Integrating (^)t, we obtain (ipt)t, a family of embeddings from certain neighborhood of 
K to X. Then, cp*\t = Xq. Finally, if we take V sufficiently small, ipt '■= { L Pt)~ l \v can be 
defined for all < t < 1 and satisfies the condition of the lemma. □ 



2(» 



We explain some definitions, which are used in the following of this paper. For suffi- 
ciently small S > 0, we define subsets of 7r^ (U), Aj, Af, B$, Cs by 

AJ = {(q,p) | \p\ 2 + \q + \ 2 = \q-\ 2 - 2e < 5], 

Aj = {(q, P ) | b| 2 + |g + | 2 =/i 5 (|g_| 2 ) <*}, 

B S = {(q,p) | \p\ 2 + \q + \ 2 = \q-\ 2 -2e = 5}, 

C s = {(q,p) | \q-\ 2 -2e< b| 2 + |g + | 2 < //*(| g _| 2 )} U A+. 

Recall that we have considered -k]^(U) as a subset of M. 2n using coordinate (q,p). Hence 
we consider these sets also as subsets of M 2 ™. 

We have shown in lemma H31 that (D$, uj^, Y a , D$ D N) is a Liouville quadruple for 
sufficiently small a. In the following of this paper, we fix such a and denote it by a . 

Take arbitrary smooth function a on [0, 1] such that a(0) = ao and a(l) = — . By lemma 

15.21 there exists V, a neighborhood of E in dD_, and (ipt)t, a family of embeddings from 
V to <9-D_ with following properties: 

(1) ipo is an inclusion V <9.D_. 

(2) ^*A ao = A a(t ). (A a denotes iy-^jv-) 

(3) ip-\dD^nN) = vnN. 

(4) Vtlmzv is an inclusion V H N ^ dD_. 

Since Aj = Y,, Aj C V for sufficiently small 5 > 0. If Aj C V, (C$, w st , CsHiV) 

can be glued to o>jV; Yao, D_ D iV) by ^t|c 5 n9D-- As a result, we get a Liouville 
quadruple. We denote it by (Cs D-,ui t , Z t , L t ) . 

We make two remarks which are clear from constructions: 

Remark 5.3. (1) d(C s £>_) = (dD_ \ ip t (Aj)) U A+. 

(2) For any 5, 5' > 0, Cs U^ t L>_ and CV U^ t L>_ can be identified naturally. 

It is clear from construction that (C$\J^ D-, Uq, Z , L ) is isomorphic to (Dg, con, Y ao , D$n 
N) as Liouville quadruple. Hence, by proposition 12. 7\ to prove lemma 14.101 it is enough 
to show that 

(17) WFH»(CiU^ £)_,£,;!, L x ) = WFH„,(.D_, u N , D_ fl N). 

Let (aii)i be an increasing sequence of positive numbers, such that lim an = oo and 

i— >oo 

a* <£ srf(dD-,\ ao , &D_ n N). Let z/ e (0, 1), and take F t G MU{D-) such that: 

• Fi < F 2 < ■ ■ ■ . 

• Fi(z, p) = «j(p — v) on dD_ x [v*, oo). 

Since is cofinal in <), 

(18) WFH,(£L,Wtf,D_niV) = limWFH^F) 

t— >oo 
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Hence to prove (|T7|) . it is enough to show 
(19) WFH< m (G 5 D_,Ui 7 L 1 ) lim WFH< m (F,) 

for each positive integer m. In the following, we fix S and denote it by So. 

Denote the Reeb vector field on (dD_, X aQ ) by R. 

Lemma 5.4. For any a > 0, there exists 5(a) > such that any 5 G (O, 6(a)) satisfies 
following: 

Assume that x : I — > dD_ satisfies x = R(x), x(dl) C ipi(Bs) U (<9£L fl N), 
x(dl) {~}ipi(Bs) ^ and x(I) is not contained in ifri^Aj). Then, \I\ > a. 

Proof. Assume that this lemma is not true. Then, there exists y : J — > dD_ such that 
y = R(y), y(dJ) C f| (if) U (dD_ n N), y(dJ) n f| Vi (if) 7^ 0, and y(J) is not 

<5>0 <5>0 

contained in ^i(A^). Note that 

/ x / _ . v 



<5>0 \5>0 / 



<5>0 

In the last equality, we use property (4) of ipp Hence y(dJ) C dD_HN, and y(dJ)n£ 7^ 0. 
Since S C ^(A^), y is not constant and | J| > 0. Hence y G ^(<9-D_, A ao , <9.D_ fl iV). But 
this contradicts (3) in lemma 14.81 □ 

We can take sequences (5$), and (G*)*, where Si G R>o and G t G ^Li(G,5 -D_), such 
that (5i)i satisfies 



Hi) 

5-(2) 



< St < mm{S ,S(ai)}. 
5 1 >5 2 >---. 



S-(3): lim5i = 0. 

i— >OD 

and satisfies 



G-(l): G 

G-(2) 
G-(3) 
G-(4) 
G-(5) 



is a cofinal sequence in (j^Ld(Cs -D-), <)• 
There exsits a sequence zi < ii < ■ • • such that G^ < Gi 2 < ■ ■ ■ . 
Gi(z,p) = ai(p-v) for (z,p) g(&D_ \ Vi(^))x[1,oo). 

If x G &(Gi) satisfies x([0, 1]) C Cg U At x (1, 00), then x is a constant map to 
(0, . . . , 0) and indx > m. 



In G-(4), we consider (<9D_ \ i/;i(A s .))x[l,oo) to be subset of C$ U^, 1 L>_ (see remark 

EH). 

By G-(l), -D_ is an invariant set of X^- Hence ^(Gi) is divided into two subsets: 

= {a: G if (Gi) I x([0, 1]) C ^ + (G,) = {a; G ^(G;) | x([0, 1]) fl D_ = 0}. 

By G-(l), ^_(Gi) can be naturally identified with ^(F;). 
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Lemma 5.5. If x G f/ien ar([0,l]) C C 5o U Aj o x (l,oo). 

Proof. Assume that there exists t G [0,1] such that x(t) Cg U x (l,oo), hence 
x(t) G (dD_ \ ipi(Aj o )) x [l,oo). Let / be the largest closed interval which contains t 
and x(I) C (dD_ \ ipx(Aj.)) x [1, 00). Then |/| > 0, and x(dl) is contained in (%j)x{B 5i ) U 
(9D_DJV)) x [l,oo). 

ByG-(4),Z Gi = 0^.(^,0) on (0ZL \ Vi(^)) x [l,oo). Define y : / -)• dD. by y{t) = 
Ti o x, where n is a projection to dD_. Then y = otiR(y), y(dl) C ipx(Bg.) U (<9L>_ fl iV) 
and y(t) <£ ^i(A^). Since ^ < j/(9J) n ^(5^) = 0. Hence y(0I) C dD- n AT, but 

this contradicts ai srf (<9L>_, \ ao , dD_ ON). □ 

By lemma 15.51 and G-(5), consists only of constant map to (0, . . . , 0) and its 

index is larger than m. Hence WFC< m (Gj) is generated by elements of ^L(Gj). On 
the otherhand, since C €_{GA can be identified with ^(Fj), there is an isomorphism of Z 2 
module WFC< m (Fj) — > WFC< m (Gj). By lemma I5TT] if almost complex structures (which 
are used to define differential on WFC*(Fj) and WFC*(Gj)) satisfy assuption (3) in lemma 
15. II with M in = D_, this is an isomorphism of chain complexes. Denote this isomorphism 
by $<. 

Take (ik)k as in G-(3), and consider following diagram: 

WFC< m (F ifc ) WFC< m (F Jfc+1 ) 

*** f **fe+i 
WFC< m (G tk ) WFC< m (G ifc+1 ). 

Horizontal arrows are monotone morphisms induced by strong monotone homotopies. 
Again by lemma I5.1[ if almost complex structures (which are used to define monotone 
morphisms) satify assumption (3) in lemma 15.11 with M m = D_, the above diagram 
commutes. Taking homology of this diagram and letting % — > 00, we get (last equality 
follows from G-{2)) 

lim WFH< m (F 4 ) = lim WFH< m (G 4 ) = WFH< m (C 5 D^u 1: L x ) 
Hence we have proved ffl~9]) . 
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